The tidal disruption limit of neutron stars moving around a black hole is numerically studied in the framework of Newtonian gravity. The black hole is described as a point particle, and the neutron stars are modeled using polytropic equations of state. In this paper, we focus both on the Jeans problem, in which the system is axisymmetric and the stars located along a symmetric axis are momentarily static, and on the Roche problem, in which stars are in a corotating circular orbit on the equatorial plane. We find that these two approaches provide qualitatively the same numerical results, which are the following. (i) For given values of the central density and radius, neutron stars with softer equations of state are more fragile with respect to tidal disruption. However, for given values of the mass and radius, the strength with respect to tidal disruption depends very weakly on the equations of state. (ii) The tidal disruption limit determined in the so-called tidal approximation for the black hole tidal field yields an error of magnitude of order R/L, where R and L are the neutron star radius and the separation of two stars. (iii) The third-order term of the tidal field plays an important role in accurately determining the tidal disruption limit for R/L ∼ O(0.1). The dependence of the tidal disruption limit for black hole-neutron star binary systems on the equations of state and the mass ratio can be obtained from the study for the momentarily static case. This indicates that the momentarily static approaches should be helpful as a first step in obtaining a full understanding of the tidal disruption limit in general relativity. §1. Introduction
§1. Introduction
Close binary systems consisting of a black hole and a neutron star are among the most promising sources for ground-based laser interferometric gravitational wave detectors, such as LIGO, TAMA, GEO, and VIRGO [e.g., Ref. 1) ]. The final fates of black hole-neutron star systems are classified into two cases, depending on the mass ratio q ≡ M NS /M BH , where M BH and M NS denote the masses of the black hole and the neutron star [e.g., Ref.
2)]. Assuming that the radius of neutron stars is ∼ 10 km, for q < ∼ 1/3, the neutron star will be swallowed into the black hole event horizon without tidal disruption at the coalescence. However, for q > ∼ 1/3, the neutron star will be tidally disrupted before plunging into the black hole horizon. The second case has been studied with great interest for several reasons. One reason is that gravitational waves emitted at a tidal disruption will yield important information about the neutron star radius, because the tidal disruption limit is likely to depend sensitively on it. 3), 4) A relation between the mass and the radius of neutron stars should provide useful information for deriving an equation of state of high density matter. 5) In addition, a tidally disrupted neutron star will form a massive disk around the black hole if the tidal disruption occurs outside the innermost stable circular orbit of the black hole. Systems consisting of a black hole and a massive disk have been proposed as one of the likely possibilities as the central engine of gamma-ray bursts with relatively short duration. 6) For these reasons, the theoretical study of the tidal disruption limit of neutron stars by a black hole is an important subject in theoretical astrophysics and general relativity.
To determine the tidal disruption limit of neutron stars, in this paper, we study binary systems consisting of a point mass (black hole) and a polytropic fluid star (neutron star) in the framework of Newtonian gravity as a first step. The purpose of this paper is (i) to clarify the dependence of the tidal disruption limit on the stiffness of the equations of state and (ii) to investigate the validity of the so-called tidal approximation which has often been used. 2), 7)- 9) To this time, the tidal disruption limit has been studied for incompressible stars 2), 7), 8) and in a compressible model. 9) In this paper, we numerically compute equilibrium states of compressible stars in a black hole tidal field, adopting the polytropic equations of state with several values of the polytropic index. Uryu and Eriguchi carried out an extensive numerical study for binary systems consisting of a black hole and a neutron star using the polytropic equations of state. 13) Unfortunately, they focused mainly on the stability of the circular orbits of such systems and paid little attention to the tidal disruption limit.
In many of the studies on the tidal problem, the tidal approximation in which only the lowest-order tidal field is taken into account 10) has been adopted. 2), 8), 9), 11), 12) In the tidal approximation, one assumes that the stellar radius, R, is smaller than the distance between the black hole and the star, L, and ignores terms of higher order in R/L of the tidal potential. This approximation can be illustrated using the Newtonian potential of a point particle in the following manner. Let us choose a coordinate system in which the origin is at the center of the neutron star and a black hole of mass M BH is located at (x, y, z) = (−L, 0, 0). Then, assuming R/L 1, the potential due to the black hole Ψ tid is expanded around the neutron star as
where it is assumed that |x|, |y|, |z| ≤ R L . In the standard tidal approximation, one takes into account the terms up to second order in R/L and ignores the terms
(Throughout this paper, we refer to this approximation as the 'tidal approximation' or the 'standard tidal approximation'.) For binary systems consisting of a neutron star and a black hole, the order of R/L is typically about 0.1 at the tidal disruption. Thus, the validity of the tidal approximation is uncertain. In this paper, we clarify the magnitude of the error in the tidal disruption limit determined in the tidal approximation.
In the analysis of the tidal disruption limit, we consider the Jeans problem, in which the system is momentarily static and axisymmetric, as well as the Roche problem, in which two stars are corotating around a mass center. 7) The reason that the Jeans problem is considered is that the system in this case is axisymmetric and, hence, the computational cost here is much less than for the Roche problem. Furthermore, the results with regard to the tidal disruption limit in the Jeans problem are qualitatively the same as those for binary systems in circular orbits, as illustrated in this paper. These facts indicate that to qualitatively study the tidal disruption limit (the dependence on the equations of state and the mass ratio), solving the Jeans problem is an efficient method. This paper is organized as follows. In §2, we describe the basic equations for the Roche and Jeans problems. In §3, the numerical method is briefly summarized. In §4, the numerical results are presented. Section 5 is devoted to a summary. Throughout this paper, Latin indices denote spatial components in Cartesian coordinates and commas denote partial derivatives. We adopt units in which G = 1, where G is the gravitational constant. §2. Formulation
Preliminaries
In this paper, we analyze the tidal disruption limit of neutron stars under the influence of a black hole in the framework of Newtonian gravity. We solve the Jeans problem, in which the system is momentarily static and axisymmetric, and the Roche problem, in which two stars are corotating around their mass center. 7) The neutron star is modeled as a star with the polytropic equations of state
where P , ρ, Γ and κ are the pressure, density, adiabatic constant, and polytropic constant. Γ is related to the polytropic index n as
As a reasonable qualitative approximation of the cold equations of state of neutron stars, we adopt n = 0.5, 1, and 1.5 in the following. The black hole is modeled as a point mass, and hence the gravitational field is given by
where r BH denotes the distance from the black hole. The gravitational potential of the neutron star, Ψ , is determined by solving the Poisson equation
with the outer boundary condition
where r = x 2 + y 2 + z 2 . Note that we choose a coordinate system in which the center of the neutron star is located at origin throughout this paper.
Formulation of the Roche problem
In the Roche problem, a binary consisting of a point mass and a fluid star is assumed to be in a corotating circular orbit. Thus, in the frame corotating with the orbital angular velocity Ω, the system is static. For this reason, first, we perform a coordinate transformation from the inertial frame to the corotating frame. Subsequently, to choose the coordinate system in which the origin coincides with the center of the neutron star (i.e., the point at which the density of the neutron star is maximal, ρ c ), we parallel-transport the coordinate system. Denoting the Cartesian coordinates (x, y, z) in such a frame, we set the coordinates of a black hole as (x BH , 0, 0). It is also assumed that the rotational axis is aligned parallel to the z-axis and intersects the x-axis at (x G , 0, 0).
In the Roche problem, the Euler equation in the frame chosen here is written
The adiabatic condition and the first law of thermodynamics give
where h denotes the specific enthalpy. Using Eq. (2 . 8), Eq. (2 . 6) can be integrated to give the first integral
where C is an integration constant.
Formulation of the Jeans problem
As in the Roche problem, we choose the Cartesian coordinate system in which the origin coincides with the center of the neutron star and the black hole is located along the symmetric axis (x-axis) at (x BH , 0, 0). The momentarily static condition is written
where u i , δ ij , and A denote the velocity of a fluid element, the Kronecker delta, and a uniform specific force acting on the star, respectively. Due to A, the star remains static. Using the above two conditions, the Euler equation can be written
Using Eq. (2 . 8), Eq. (2 . 12) is integrated to give
where C is an integration constant. It is found that Eqs. (2 . 9) and (2 . 13) are very similar. We can interpret a solution of Eq. (2 . 13) as a stationary binary system in which an artificially added specific force A instead of the centrifugal force keeps the neutron star stationary at a certain distance. Because of this similarity, we expect the results in the Jeans and Roche problems to be qualitatively similar. §3. Numerical method
In this section, we describe the numerical method for a simultaneous solution of the Poisson equation (2 . 4) and the first integral of the Euler equation (2 . 9) or (2 . 13) for Ψ and ρ. The solution is computed by iteratively solving these coupled equations. During the iteration, we fix the following parameters: the mass of the black hole M BH , the separation between the black hole and the neutron star L, the central density of the neutron star ρ c , the adiabatic index Γ , and the polytropic constant κ. The numerical algorithms for the Jeans and Roche problems are essentially the same, as summarized below:
1. We choose a density profile of the spherical polytrope with the same values of Γ and κ as a trial function of ρ. 2. We solve Eq. (2 . 4) to determine Ψ . 3. The constants in Eq. (2 . 9) or (2 . 13) are determined using the conditions that ρ = ρ c at the origin and that ρ c is the maximum value (i.e., ρ ,i = 0 at the origin). Applying these conditions to Eq. (2 . 13) or (2 . 9), we obtain
in the Jeans problem and
3)
in the Roche problem. 4. ρ is determined from Eq. (2 . 9) or (2 . 13). The explicit forms are
in the Roche problem, where Eqs. (2 . 1) and (2 . 8) have been used. 5. We substitute a new density profile into the right-hand side of the Poisson equation (2 . 4). We repeat steps "2-5" until a sufficient convergence is achieved.
Numerical solutions for the Poisson equation are obtained using a conjugate gradient method, 14) as in previous papers [e.g., Ref. 15) ]. We adopt a uniform grid with a grid size (160, 140, 70) for (x, y, z), where we assume reflection symmetry with respect to the equatorial plane. We choose a grid spacing small enough to cover the semimajor axis of neutron stars with ∼ 40 grid points. §4.
Numerical results
The equilibrium solutions are computed fixing M BH , L, Γ , and κ. To determine the tidal disruption limit, we compute a sequence of solutions by varying the central density of the neutron star ρ c from a large value to a small value until the inner edge of the neutron star forms a cusp on the black hole side. A configuration with such a cusp can be identified as the Roche-lobe filling state, i.e., the state in which the self-gravity of the neutron star is small enough to form a saddle point of the total gravitational potential inside the neutron star. The condition for the tidal disruption can be written
where (−R NS , 0, 0) represents the coordinates of the neutron star surface on the black hole side along the x-axis. (The black hole is located at x BH = −L < 0.) We define the parameter that measures the strength of the tidal field at the tidal disruption limit asΩ
where ρ lim denotes the critical density (i.e., for ρ c ≤ ρ lim , the star is tidally disrupted).Ω 2 represents the ratio of the black hole tidal force
to the self-gravity force of the neutron star ∼ M NS R 2 in the tidal disruption limit. The normalized separation is defined as L/R s , where R s is the radius of a spherical polytrope with given mass and equation of state for the neutron star. The polytropic equations of state are determined by two parameters, Γ and κ. However, κ can be completely scaled out of the problem as
where M and L denote the dimensions of mass and length, respectively. Thus, effectively, we have only the parameter Γ for the equation of state. Therefore, we choose units such that κ = 1. The adiabatic constant is chosen as Γ = 3, 2, and 5/3. 2nd for incompressible fluid stars as 0.12554, which is also independent of L/R s . 7) The value ofΩ 2 asymptotically approaches that ofΩ 2 2nd as L/R s increases. As seen in this figure, each curve ofΩ 2 is denoted with the fitting formulã The value ofΩ 2 increases with Γ for given values of ρ c , R s , and L/R s . This implies that neutron stars are more fragile with respect to tidal disruptions for smaller values of Γ (i.e., for softer equations of state) in the case that the central density and the radius of neutron stars are given. It should also be noted that the value ofΩ 2 depends sensitively on the value of Γ . This indicates that finding the tidal disruption limit of a neutron star from certain observations may help to determine constraints on the equation of state for neutron stars. Figure 1 shows thatΩ 2 is always smaller thanΩ 2 2nd for all values of Γ . Furthermore, the difference betweenΩ 2 andΩ 2 2nd is a decreasing function of L/R s . In Table  I , we list the values of the fractional deviation forΩ 2 in the tidal approximation, defined as
Validity of the tidal approximation
This table shows that δΩ 2 is larger than 10% for L/R s < ∼ 15, irrespective of the value of Γ . This result implies that terms of higher order in Ψ tid ignored in the tidal approximation play an important role in determining the tidal disruption limit for close orbits.
As mentioned in §1, in the tidal approximation, one expands Ψ tid in terms of x i /L around the origin of the neutron star and employs only the terms up to second order in R/L. Here, we estimate the order of magnitude of the error due to ignoring the higher-order terms. The x-component of Eq. (2 . 12) at (−R NS , 0, 0) is
The orders of magnitude of the second and third terms on the right-hand side of this equation are estimated as 
Therefore, the terms in R NS /L that are higher order in Ψ tid omitted in the tidal approximation make the first-order correction in ρ lim . The definition (4 . 2) implies
in the tidal approximation, in which terms of O(R NS /L) are ignored. Without the truncation of the higher-order terms, we havẽ
This form is consistent with that of the fitting formula (4 . 4) . It is noted that we have not used the equations of state in deriving Eq. (4 . 9). Thus, it holds for any value of Γ . In Fig. 2 , the mass ratio q = M NS /M BH in the tidal disruption limit (referred to as q crit ) is displayed as a function of L/R s . For a given value of L/R s , binaries with q < q crit cannot exist in any equilibrium state, because the neutron star is tidally disrupted. Figure 2 shows that if the tidal approximation is used, q crit is underestimated because higher-order terms in Ψ tid which strengthen the tidal force of the black hole are omitted. It is also seen that for given values of the ratio of M BH to M NS and of R s , stars with stiffer equations of state are more fragile with respect to tidal disruption, although the tidal disruption limit depends very weakly on the equations of state in this case.
In Table II , we list the allowed smallest values of L/R s for q = 1, 0.5, and 0.2. It is found that in the tidal approximation, the critical separation of the binary for a given mass ratio is underestimated by 10-20% for q = 0.5-0.2, irrespective of the value of Γ .
Using Eq. (4 . 9) and M NS ∼ ρ lim R 3 NS , we find Table II . The critical separations L/R s in the tidal disruption limit for given mass ratios, q = 1, 0.5, and 0.2. Here, "tidal" denotes the results in the tidal approximation and "--" denotes that the neutron star is not tidally disrupted for L/R s ≥ 2 in the tidal approximation. Fig. 3 .Ω 2 as a function of L/R s at several approximation levels of the tidal approximation for Γ = 2. The solid curve denotes the results with no approximation. The dotted curve, the + symbols, and the × symbols denote the results in the second-, third-, and fourth-order tidal approximations. Bottom left: For the forth-order tidal approximation. Bottom right: For the exact calculation, which is the configuration at the tidal disruption limit. yields an error of order R NS /L in the critical mass ratio for any value of Γ . This order estimate accounts for the numerical results in Fig. 2 .
Computations for equilibrium states were also performed including the higherorder terms in Eq. (1 . 1) up to third and fourth orders in R/L. Figure 3 plots the values ofΩ 2 for Γ = 2. With improvement of the tidal approximation adding higherorder terms, the curve ofΩ 2 approaches the exact one. In particular, including the third-order term significantly reduces the error. This figure indicates that for an accurate computation of the tidal disruption limit for a small value of L/R s < ∼ 10 in a tidal approximation, we should take into account the higher-order terms in R/L.
To see the effects of the higher-order terms in the tidal deformation of the neutron star, density contours in the second-, third-, and fourth-order tidal approximations as well as in the exact calculation for Γ = 2 are displayed in Fig. 4 . For each case, the mass ratio, the separation, and the central density are q = 2.1, L/R s = 2.1, and ρ c = ρ lim , where ρ lim denotes the critical density in the exact calculation. This figure illustrates that with the higher-order terms included, the deformation of the neutron star is amplified, in particular on the black hole side, which is located at x = −2.1R s .
In Fig. 5 , we also display density contours for the second-and third-order tidal approximations with Γ = 2 with identical values of M BH and L/R s , but with ρ c chosen as ρ lim in each level of the approximation. This figure illustrates that the shapes at the tidal disruption are significantly different in the two approximations. In the second-order tidal approximation, the neutron star is elliptically deformed, even in the tidal disruption limit. In contrast, the third-order term in Ψ tid yields a significantly asymmetric deformation. This implies that good approximations of the configurations near the tidal disruption limit cannot be obtained in the second-order tidal approximation. This is one of the reasons that the standard (second-order) tidal approximation breaks down for a small binary separation.
The Roche problem
For the Roche problem, we performed the same calculation in the same manner as for the Jeans problem. In Figs. 6 and 7, we plotΩ 2 and q crit as functions of L/R s . In each figure, we plot the results for the second-order tidal approximation together (dotted-dashed curves). As in the case of the Jeans problem, we find the following. (i) For given values of the central density and radius, neutron stars with softer equations of state become more fragile with respect to the tidal disruption.
For given values of the mass ratio and radius, neutron stars with stiffer equations of state become slightly more fragile with respect to the tidal disruption. (ii) The value ofΩ 2 (q crit ) is overestimated (underestimated) in the tidal approximation. The order of magnitude of the error in the tidal approximation is identical to that in the Jeans problem, indicating that the tidal approximation is inappropriate for the quantitative study of binaries in circular orbits with L/R s < ∼ 10.
In the Roche problem, the values ofΩ 2 are smaller than those in the Jeans problem for identical values of L/R s ; i.e., neutron stars are disrupted by a smaller tidal force from the black hole. The reason for this is that the neutron star has a spin angular momentum associated with the corotation in the Roche problem. This spin produces centrifugal force that counteracts the self-gravity force of the neutron star and helps tidal disruption. Therefore, the neutron star is more fragile with respect to tidal disruption in the Roche problem than in the Jeans problem.
Another difference between the results for the Roche and Jeans problems is that Ω 2 in the tidal approximation of the Roche problem does not remain constant. This is due to the spin of the neutron star. To explain this in more detail, we use Eq. (2 . 6) and consider (−R NS , 0, 0), as in §4.2. Equations (4 . 7) and (4 . 8) can be used without change, and the last term on the right-hand side of Eq. (2 . 6) is determined by the condition (3 . 4) as
Using Eqs. (4 . 7), (4 . 8), and (4 . 13), we find
where O(R NS /L) comes from higher-order terms omitted in the tidal approximation, and Ω 2 denotes the effect of the neutron star spin mentioned above. In the tidal approximation, we obtain
Thus, from the definition (4 . 2), we havẽ
This equation indicates that the value ofΩ 2 2nd varies with L/R s in the Roche problem, even when no higher-order terms are included. Using Kepler's law,
the second term on the right-hand side of Eq. (4 . 16) can be evaluated as
As illustrated in Fig. 7 , the value of q crit is a decreasing function of L/R s . Thus, the value ofΩ 2 2nd is an increasing function of L/R s in the Roche problem. §5. Summary
In this paper, we have studied the tidal disruption limit for neutron stars of polytropic equations of state moving around a black hole described as a point mass in the framework of Newtonian gravity in the Jeans and Roche problems. We have found the following. (i) For given values of the central density and radius, a neutron star with a softer equation of state is more fragile with respect to the tidal disruption. For given values of the mass ratio and radius, neutron stars with stiffer equations of state are slightly more fragile with respect to the tidal disruption. (ii) The standard tidal approximation yields a large systematic error in determining the tidal disruption limit for a small value of L/R s < ∼ 10. We have clarified that the magnitude of the systematic error in the critical mass ratio and in the critical separation is of order R s /L. To this time, tidal disruption problems around a black hole in general relativity have been studied taking into account only the second-order terms of the tidal potential [e.g., Refs. 2), 8), 11), 12) ]. The present results illustrate that such studies would not be quantitatively very accurate for close orbits. The extension of previous works 2), 8) including higher-order corrections will be necessary for a better quantitative understanding of the tidal disruption limit of neutron stars around a black hole.
Comparing the results obtained for the Roche and Jeans problems, we also find that the momentarily static approach is an efficient method for studying the dependence of the tidal disruption limit on the equations of state and the mass ratio in binary systems. This indicates that such an approach should be helpful as a first step toward a full understanding of the tidal disruption limit in general relativity.
In this paper, the Newtonian gravity was used. Obviously, such an approximation is not appropriate for quantitatively analyzing the tidal disruption of neutron stars near a black hole, because general relativistic effects for both objects are essential. It should be noted that there has been no comprehensive work treating the tidal disruption of neutron stars by a black hole in a full general relativistic study (but see Ref. 16) ). In the qualitative analysis of general relativistic tidal problems, the momentary static approach should be effective.
